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Optimum Burn Scheduling for Low-Thrust Orbital Transfers

R. G. Melton,* K. M. Lajoie,t and J. W. Woodburnf
Pennsylvania State University, University Park, Pennsylvania

This paper describes a method for optimizing the point at which thrust should be initiated on each passage of a
low-thrust, multiple finite-duration perigee-burn ascent trajectory, with the thrust vector always oriented perpendic-
ular to nadir. The quantity being minimized is the rotation of the line of apsides. The semianalytic method developed
here requires only a simple root-finding routine for the numerical portion of the solution. A perturbation solution
(two-variable expansion) is used to model the flight path during the burn, yielding a "burn-on" position with a
maximum error of approximately 2%.

Nomenclature
bk = Tschebycheff coefficients
b3k = Fourier coefficients
4 = Taylor series coefficients
e = eccentricity
F0 = total thruster force
fr = radial fraction of thrust force
ft = transverse fraction of thrust force
G . = gravitational constant
g0 = gravitational acceleration at sea level
Isp — specific impulse
M = mass of the Earth
Ms/c = spacecraft mass
m = dimensionless spacecraft mass
p = semilatus rectum
Q(9B) = characteristic function whose root is the optimum

burn-on point
R = radial position of spacecraft
r •= dimensionless radial position
T =time
Tn = Tschebycheff polynomial
t = dimensionless time
tB = duration of burn
u = total solution to perturbed motion, = 1/r
j8 = arc length of burn
d = rotation of the line of apsides
e = perturbation parameter
9 = true anomaly (angular position)
£ = dimensionless inverse of angular momentum
co = argument of perigee

Superscripts
( Y = derivative with respect to 9
( ) = slowly varying parameters
( ) * = optimum point

Subscripts
i = initial condition
0 = unperturbed (Keplerian) portion of the solution
1 = perturbed portion of solution
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Introduction

FOR low-thrust, multiple perigee-burn ascents, one of the
principal optimization problems is that of minimizing the

propellant required for the transfer [usually from low-Earth
orbit (LEO) to geosynchronous-Earth orbit (GEO)]. This re-
quires a compromise between impulsive burns (with minimum
propellant usage, but high accelerations) and burns of finite
duration (with inefficient use of propellant, due to what Rob-
bins1 called "velocity losses"). A typical mission would consist
of a number of finite perigee burns (low thrust), with a single
"impulsive" burn at apogee (generally resulting in a relatively
low acceleration) to effect the plane change and circularize the
trajectory at GEO. (Examples are given in Refs. 2 and 3.)

A significant problem arises if the finite burns are not timed
so as to maintain a fixed argument of perigee (i.e., a stationary
line of apsides for the set of transfer ellipses). The result would
be an apogee on the final transfer ellipse that did not lie on the
geosynchronous orbit. (An alternative is to center the burn
arcs at perigee, resulting in a relatively simple thrust controller,
but requiring ground station intervention to command trim
burns that correct for the rotated position of perigee. See, for
example, Ref. 4.) While some trim maneuvers would probably
be inevitable for other reasons,3 the extra propellant needed to
correct the apogee position in this case alone would be signifi-
cant. This paper presents a simple analytic approximation that
specifies the location at which each finite burn should be ini-
tiated in order to minimize the rotation of the line of apsides.
The analysis is limited to those missions using transverse
thrusting (i.e., the thrust vector is directed normal to the radial
direction and in the orbital plane), although the method em-
ployed could be extended to other simple steering strategies.

Redding and Breakwell5 and Redding6 have examined the
relations among gravity losses, number of perigee burns, and
transfer time, employing a variational approach and use of the
primer vector formulation to optimize low-thrust trajectories.
Edelbaum et al.7 also examined generalized optimal low-thrust
ascent trajectories. Some of the numerical optimization studies
include work by Vulpetti8 and Adams.9

Brodksy10 describes a trade study on low-thrust vs impul-
sive-burn ascents, with particular attention to the advantage of
simple steering laws. Kaplan and Yang11 examined a number
of simple steering strategies for low-thrust, multiple-burn as-
cents, concluding that transverse thrust was the optimum if the
thrust direction were fixed relative to the vehicle. Such a steer-
ing geometry does not minimize propellant usage, but the pro-
pellant penalty is not severe.5 Under the assumption of
transverse-thrust steering, the work described here results in a
method for optimizing burn scheduling in the sense that an
onboard controller, using relatively elementary calculations,
could manage an ascent more autonomously than those requir-
ing ground station commands for corrective trim burns.
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Flight-Path Model
Following the method presented by Everett et al.,12 the equa-

tions of motion are solved via the first-order perturbation
method of multiple-variable expansions. The method is sum-
marized subsequently but diverges from that of the previous
reference in order to make the optimization tractable.
Equations of Motion

Beginning with the differential equations of motion in polar
form

(2)

(3)

where Ms/c is the mass of the spacecraft, R the radial position,
9 the true anomaly, G the gravitational constant, M the mass
of the Earth, F0 the total thruster force, fr and/, the fractions
of thrust in the radial and transverse directions, respectively, Isp
the /specific impulse of the thruster, and go tne gravitational
acceleration at sea level, use of the substitutions

R = Rtr

(R]IGM)ll2t

s/c = Mtm

£ =

(4)

(5)

(6)

(7)

(8)

renders the formulation dimensionless. The characteristic
length Rt is taken to be the radial position at perigee of the
initial orbit, and Mt the initial spacecraft mass; & is the pertur-
bation parameter (e <^ 1 for low- thrust maneuvers). In the re-
mainder of the analysis, the quantity/,, is set to zero under the
condition of purely transverse thrusting.

The familiar substitution

( GM \1'2

u = 1/r

and the notation (') = d/d0 yield the equations

u" + u-u4t'2=-(e/m)ut'2u'ft

(u2f)'=-(e/m)u3t'3ft

(9)

(10)

(11)

(12)

the first two of which are weakly nonlinear but can be lin-
earized via the substitution

{ = «V (13)

where { is the dimensionless inverse of the vehicle's angular
momentum per unit mass.
Two- Variable Expansion

With '£ < 1, it is assumed that the function u varies with 0
approximately, as in a Keplerian orbit, but that the perturba-
tion caused by the low-level thrust creates an additional term in
u that varies rather slowly, i.e., as a function of ff = s9. This is
the basis for the two-variable expansion method.13"15 Retain-

ing only first-order terms in e, the solutions to Eqs. (10-13) are

w(0,e) = uo(0,ff) + «<i(0,0) + O(e2) ( 14)

f'(0,ej = v0(0,ff) + sv^ff) + 0(e2) (15)

«0,e) = {0(0,0) + «{!(0,fl) + 0(82) (16)

m(0,e) = /n0(0,0) + emi(0,0) + O(s2) (17)

where the terms with zero subscripts are the unperturbed (Kep-
lerian) terms. Substituting into Eqs. (10-13) and equating like
powers of s yields

(18)

(19)

(20)

(21)

(22)

) = [1 + e cos(0 — ft))]//?

P=a0(l-e2)/R0

v0(9,ff) = p3/2/[l + e cos(0 - co)]2

39 m

where all zero subscripts indicate unperturbed (pre-burn)
quantities. After considerable algebra, the key relations pro-
duced are

-2edco 2de . 7/l
"l + «1 = — — — - J f f COS(0 - ft)) + --5,8111(0 - ft))

p co p ou

ep sin(0 — co)
l + ecos(0-ft))]3

and
—/1)3/2

w[l+ecos(0-ft))]3

(23)

(24)

A highly accurate approximation of the cubic term in these
last expressions yields flight paths of high accuracy also, but
their mathematical form is not amenable to optimization other
than by a purely numerical method. Therefore, we seek an
approximate analytic solution to Eq. (23) that need not model
the flight path to any particular degree of precision but which
should provide accurate estimates of the optimum burn-on
point.

Cubic Term Expansions
While Everett et al.12 showed that accurate flight paths are

generated by using Fourier or Tschebycheff expansions of the
cubic term

[l+e cos0] ~3 = ~ + b3k cosk(9 - co) (25)

or

[l + e cos0] -3 = + £ bkTk (cos(0 - ft))) (26)
^ k=i

the forms of the flight-path models were too cumbersome for
optimization. Retaining only first-order terms in either expan-
sion reduces the complexity of the flight-path model but de-
creases its accuracy considerably.

Alternatively, first-order expansions of the cubic term using
Taylor series or the binomial theorem yield quite adequate
results over the range of 9 that is required. Figure 1 shows a
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Fig. 1 First-order expansions of the cubic term Il + <? cos0]~3, for
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Fig. 2 Rotation of the line of apsides.

comparison of these representations of the cubic term, includ-
ing Taylor series, binomial expansion, and a special form of
Tschebycheff series16 intended to give better convergence when
the series is truncated. The value of eccentricity used is e — 0.5.
Of these, the Taylor series has the simplest form, and is found
to be

with

and

[1+ e cos(0 -co)]~3 «d0 + dt cos(0 -co)

3e

Direct integration of Eq. (24) yields

m m

(27)

(28)

(29)

(30)

where g(ff) is to be determined from boundary conditions.
One final approximation is required to allow integration of

Eq. (23). As described in Ref. 12, the linear term in (0 — co) can
be replaced by a sinusoidal form that is approximately linear
over the range of interest in order to simplify the integration
(although the method of variation of parameters would not
require that substitution) ; however, in the present workj it was
found that the optimization becomes intractable if all terms in
Eq. (23) are not sinusoidal. Consequently, Eq. (30) becomes

3/2

m ^ (do + di) sin(0 - co) (31)

.1
Q
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Fig. 3 Flight-path comparison for test case 1 (origin at Earth's center).

The function of integration g(ff) must satisfy the boundary
condition

where 9B is the true anomaly at "burn-on," yielding

g(ff) =y—± (do + di)
m

(32)

(33)

Substituting Eqs. (31) and (33) into Eq. (23), and integrating
the latter using variation of parameters, gives the perturbed
part of the flight-path equation

.3m
i

sin0 cos0 + gi(0) - Cl cos0 + C2 sin0 (34)

with

3m

C2 = ̂ -L cose3
B-g\(S) si

(35)

(36)

(37)

Optimization of 0B
Minimization of 6, the rotation of the line of apsides, is the

optimization criterion. Referring to Fig. 2, this quantity can be
expressed as

•6=0-0* (38)

where 0 is the true anomaly at the "burn-off" point, measured
relative to the original line of apsides, and 0^ the true anomaly
of the same point, but measured relative to the new line of
apsides. The substitution

0=0* + 0 (39)

where P is the arc length of the burn, makes Eq. (38) an explicit
function of 0B. Values of j5 can be estimated using Kepler's
time equation as follows: For a given burn duration t& and
assuming approximately Keplerian orbits starting at perigee,
the change in eccentric anomaly (and, hence, that of the true
anomaly) can be generated with errors in j5 of less than 2% (for
values of eccentricity up to 0.7).
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Optimization of the burn consists of determining 9B so as to
make

1500-

0*6* (40)

Using the orbital parameters at the end of the burn, the new
true anomaly is

(41)

The eccentricity of the perturbed orbit can be expressed as

Finally, combining Eqs. (38-42) gives the function Q(QB\
whose root in the perigee region is the optimum burn-on true
anomaly 9%.

Results
Flight-Path Comparisons

The simplified flight-path model that results from the Taylor
expansion of the cubic term has been compared with numerical
integrations of the exact differential equations for several test
cases, two of which are presented here. These results are dis-
cussed before proceeding to the optimization problem.
Test Case 1

This case represents a spacecraft whose thrust level is in the
upper region for low-thrust spacecraft. The parameters for test
case 1 are

e0 = 0.41369

#0 = 6663 km

F0 = 3117N

Ms/c = 5875 kg

9B= -0.219 rad

Results of this comparison with numerical simulations are
shown in Fig. 3. The error in the flight path is seen to increase
toward the burn-off 'point, but the final error in radial position
is less than 1%.
Test Case 2

This case indicates the applicability of the flight-path model
to missions having somewhat larger acceleration levels than
would be employed for LEO-to-GEO transfers. In addition,
the initial eccentricity is larger than in the previous test cases
and has a value typical of that for the last segment of a multi-
ple-burn ascent to GEO. The parameters are

R0 = 6600 km

F0 = 2500 N

Ms/c = 3500kg

tB = 250 s

Figure 4 shows the comparison with numerical results. The
error in radial position at burn-off is still within 1%.

-1500-

Numerical

Analytic

6520 6540 6560 6580 6600 6620

Distance along line of apsides [km] —-»•

Fig. 4 Flight-path comparison for test case 2 (origin at Earth's center).
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Fig. 5 Optimization function for test case 1.
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Fig. 6 Expanded plot of Q(0B) for case 1.

Optimized Trajectory Comparisons
For each of the test cases, the function Q(9B) was generated

over a 3rc interval. The region of interest about perigee was
then plotted on an expanded scale to determine the optimum
burn-on true anomaly and the result compared with that ob-
tained from numerical integrations of the exact differential
equations (iterated to obtain 0J),

Figures 5-7 show the optimization results for test case 1. The
function Q(0B) has a period of 2n and contains multiple roots,
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Fig. 7 Numerical solution for 9% (case 1).
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Fig. 8 Optimization function for test case 2.
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Fig. 9 Numerical solution for 0* (case 2).

fable 1 Comparison of test cases

9% rad

Case

1
2

Analytic

-0.220
-0.182

Numerical

-0.219
-0.186

IZ/iiUl

(relative), %

0.46
2.15

<5, deg

0.0088
0.0170

as seen in Fig. 5. One of the roots near the value 0B — n corre-
sponds to an apogee burn, which is not of interest here. Note
that there are three other roots within the first 2n interval of 9B:
one of these, near perigee, is the optimum burn-on point, the
other two (near perigee and apogee) are false roots that appear
as a consequence of the approximations employed in the per-
turbation solution for the flight-path model. Intuition dictates
that the rotation of the line of apsides should be a monotonic
function of the burn-on point; therefore, only one root of Q(0B)
in the perigee region is physically meaningful.

Analysis of the test cases indicates that the correct root near
perigee is always at the point where the function Q(9B) crosses
the abscissa axis from negative to positive. This is purely an
"empirical" observation of a numerical experiment; further
analysis will be required to determine the cause.

A comparison of the root locations is provided in Figs. 6 and
7, which show, respectively, Q(9B) and S (computed numeri-
cally). Ideally, the curve in Fig. 6 would be shifted to the right
and up, making it tangent to the abscissa axis at the one true
root of Q(0B). In test case 1, the error in optimum burn-on
location 0| is approximately 0.46%, which would translate
into a rotation of the line of apsides of 0.0088 deg. The opti-
mization results of both test cases are presented in Table 1,
with the corresponding plots shown in Figs. 6-9. It should be
noted that the maximum error encountered in 0% is approxi-
mately 2.2%, but that it is associated with the high acceleration
level of test case 2. Other test cases showed good results as well.
The method is thus validated over the range of orbital and
vehicle parameters of interest in low-thrust ascent trajectories.

Conclusions
A first-order expansion of nonlinear terms in the differential

equations of motion leads to a favorable approximation of the
flight path, as well as providing a solution amenable to simple
optimization. While the flight-path model shows decreasing
accuracy over the length of the burn, it remains within 1% of
the numerical solution.
, The optimization procedure consists of generating a rela-
tively simple function of the known propulsion and orbital
parameters, and extracting the one root of physical significance
of this function, which gives the optimum burn-on true
anomaly. An empirical method for identifying that root has
been described, but no rigorous justification is available as yet.
A worst-case analysis indicates that the maximum error in this
optimization is on the order of 2%. Although graphical meth-
ods were used in this work to determine the root of interest, the
entire procedure could be implemented numerically in a code
that executes on a vehicle's onboard computer. Computation-
ally intensive numerical simulations for determining the opti-
mum burn-on point could thus be replaced by simple
root-finding calculations.
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